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Abstract
Let Dα denote the Dirichlet-type space of functions analytic on the unit disk U and
Qα the conformal invariant version of this space. Any analytic self-map φ of U induces
a composition operator Cφ acting on Dα , respectively, Qα by Cφf = f ◦ φ, where
f ∈ Dα , respectively, f ∈Qα . The aim of this paper is to characterize boundedness and
compactness of such operators in terms of global area integrals of φ.  2002 Elsevier
Science (USA). All rights reserved.
Keywords: Global area integrals; Composition operators; Boundedness; Compactness; Dirichlet-type
spaces; Q-spaces
1. Preliminaries
Let U , ∂U and dm denote the unit disk, the unit circle and the two-dimensional
Lebesgue measure on the complex plane C, respectively. In this paper, we con-
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sider the class Dα , α ∈ (−1,∞), of functions f analytic on U for which
‖f ‖2Dα := |f (0)|2 +
∫
U
|f ′(z)|2(1− |z|2)α dm(z) <∞.
Since D0 is the classical Dirichlet space, these spaces are called Dirichlet-type
spaces or weighted Dirichlet spaces. Whereas there exists a lot of papers on Dα ,
a relatively new concept was introduced in [1] by the conformal invariant version
of the space Dα , the spaces Qα,α ∈ (−1,∞). A function f ∈Dα belongs to Qα
if and only if
‖f ‖2Qα := |f (0)|2 + sup
w∈U
∫
U
|f ′(z)|2
(
1−
∣∣∣∣ w− z1−wz
∣∣∣∣
2
)α
dm(z) <∞.
Let Φ denote the set of nonconstant analytic functions φ :U → U . Any such
function defines a composition operator Cφ acting on a space of functions f
analytic in U by the simple rule Cφf = f ◦ φ. There has been done much
research on the relations between the function theoretic properties of φ and the
topological properties of the operator Cφ in different circumstances (compare, for
example, [2] and [3]). We want to characterize here by means of area integrals
related to the function φ the boundedness and compactness of Cφ acting on Dα
and Qα . A central role in the proofs is played by a dyadic decomposition of U
into Carleson windows or boxes and certain properties of positive measures on U
defined with the help of such a decomposition. This discussion will be the content
of Section 2, whereas the remaining sections are dedicated to the different types
of integral criteria.
2. Dyadic Carleson measures
In this section, we consider subarcs I ⊂ ∂U with arclength (I) and Carleson
windows
S(I) := {rζ | (2π − (I))/2π  r < 1, ζ ∈ I}
based on I and their top halves
R(I) := {rζ | (2π − (I))/2π  r < (4π − (I))/4π, ζ ∈ I}.
Now we consider the set of dyadic subarcs
In,k :=
{
ζ | 2kπ/2n  argζ < 2(k + 1)π/2n},
n ∈N0, k = 0,1, . . . ,2n − 1,
of ∂U and the decomposition of U by the windows R(In,k). Obviously, they are
pairwise disjoint and their union covers U . Further, the set{
an,k =
(
1− (In,k)
3π
)
exp
(
i
(2k+ 1)π
2n
) ∣∣∣∣ n ∈N0, k = 0,1, . . . ,2n − 1
}
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of the centers of R(In,k) is separated. This means that the hyperbolic distance
between different points is bounded away from zero. For further use we fix a
numeration Rj := R(Ij ), j ∈ N, and denote aj the center of Rj defined above.
It is easily seen that the windows Rj have bounded hyperbolic diameter and that
their linear dimensions are of the same order as 1− |aj |. Thus, (Ij )≈ 1− |aj |.
Here and throughout this paper the notation U ≈ V means that there exist positive
constants c1 and c2 independent of U and V such that c1V  U  c2V . In
addition, we will use the abbreviation U  V for the fact that there exists a
constant c independent of U and V such that U  cV .
For further use, we summarize the content of the Lemmas 1 and 4 of [4]
(compare [5, Lemma 4.2.2] too) as
Lemma 2.1. Let t, s + 1 ∈ (1,∞). Then for any w ∈ U the approximative
identities
|1−wz| ≈ |1−waj |, z ∈ Rj , (1)∫
U
(1− |z|)t−2
|1−wz|t+s dm(z)≈
1
(1− |w|)s (2)
and ∑
j
(1− |aj |)t
|1−waj |t+s ≈
1
(1− |w|)s (3)
are valid.
As a preparation of our characterization theorems we now prove
Theorem 2.2. Let β ∈ (1,∞), p ∈ (0,∞) and let µ be a finite positive measure
on U . Then for a dyadic decomposition Rj = R(Ij ), j ∈ N, as above, the fol-
lowing equivalences are valid, wherein we use the abbreviations
τ (w, z, () := (1− |w|
2)(
|1−wz|1+( and νj,β :=
µ(Rj )
(Ij )β
:
(i) sup
w∈U
∫
U
τ(w, z, ()β dµ(z) <∞ ⇔ ‖µ‖Cdβ := supj νj,β <∞
for some (any) ( > 0.
(ii) lim
w→∂U
∫
U
τ(w, z, ()β dµ(z)= 0 ⇔ lim
j→∞νj,β = 0
for some (any) ( > 0.
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(iii)
∫
U
(∫
U
τ(w, z, ()β dµ(z)
)p
dm(w)
(1− |w|2)2 <∞ ⇔
(‖µ‖Cdβ ,p)p :=
∑
j
ν
p
j,β <∞
for some (any) ( > max{1/β,1/(pβ)}.
Proof. (i)⇒ Taking w = aj in any Rj we see that this direction is an immediate
consequence of Lemma 2.1.
(i)⇐ Applying (1) and (3) to our dyadic composition of U we get∫
U
τ(w, z, ()β dµ(z)≈
∑
j
νj,β (1− |aj |)βτ (w,aj , ()β.
This proves the second direction of (i) due to β > 1 and νj,β  ‖µ‖Cdβ .
(ii) This is similar to (i).
(iii)⇒ Using (1) once again we find∫
U
(∫
U
τ(w, z, ()β dµ(z)
)p
dm(w)
(1− |w|2)2
≈
∑
j
(∑
k
τ (aj , ak, ()
β(1− |ak|)βνk,β
)p
which implies the sufficiency of the left side of the equivalence (iii).
(iii) ⇐ To prove the sufficiency of the right side we first recognize that
‖µ‖Cdβ ,p <∞ implies ‖µ‖Cdβ <∞. Therefore, if p ∈ (0,1], then (3) and the
preceding estimate immediately yield the desired conclusion. If p > 1 we define
a linear operator T acting on a space of sequences by
T
({cj | j ∈N})=
{∑
k
τ (aj , ak, ()
β(1− |ak|)βck
∣∣∣∣ j ∈N
}
.
Observe that T is bounded on l1 and l∞ owing to (3) and the case p ∈ (0,1].
An application of the Marcinkiewicz interpolation theorem (compare [5, Theo-
rem 2.3.5]) yields that T is bounded on lp,p ∈ (1,∞). This fact together with
the above estimate for the double integral proves the rest of the assertion (iii). ✷
Remark. In the rest of our paper we shall denote a positive finite measure µ on U
as a bounded, vanishing or p-summing β-dyadic Carleson measure if one of the
equivalent conditions in (i), (ii) or (iii) is fulfilled, respectively. It is not difficult
to prove on the basis of Theorem 2.2 that the bounded or vanishing β-dyadic
Carleson measures are just the usual bounded or vanishing β-Carleson measures
(see also [6, Lemma 2.1]).
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3. Integral criteria for Cφ :Dα→Dα
For the convenience of the reader we repeat now some definitions and basic
facts used in the sequel.
A linear transformation T :X→ Y between two Banach spacesX and Y is said
to be bounded or compact if T maps bounded sets of X onto bounded or relatively
compact sets of Y . If X = Y is a Hilbert space with inner product 〈·, ·〉X , then for
a bounded operator T on X we define its singular numbers as
sn(T )= inf
{‖T −K‖ |K :X→X has rank n}.
The compact operators are those bounded operators T for which sn(T )→ 0 as
n→∞. For p ∈ (0,∞) let
Sp(X) :=
{
T :X→X | |T |p :=
( ∞∑
n=0
(sn(T ))
p
)1/p
<∞
}
denote the class of all p-Schatten ideal operators on X. It is known that T
is bounded or compact on X if and only if T ∗T has this property and that
T ∈ Sp(X) is equivalent to T ∗T ∈ Sp/2(X). Usually, the members of the classes
S1(X) and S2(X) are called nuclear and Hilbert–Schmidt operators, respectively.
If p  1, the class Sp(X) is a Banach space relative to the norm | · |p . In the
case p ∈ (0,1) the class Sp(X) is a complete topological vector space relative
to the metric | · |pp . Furthermore, we use that for bounded operators T1, T2 and
T ∈ Sp(X) the inequality |T1T T2| ‖T1‖ |T |p ‖T2‖ is valid.
To prove the desired characterizations for Cφ we use some known facts on
Toeplitz operators on Bergman spaces. Recall that for α ∈ (−1,∞) the weighted
Bergman space A2α consists of those functions f analytic in U which fulfill
‖f ‖2
A2α
:=
∫
U
|f (z)|2(1− |z|2)α dm(z) <∞,
and that for a finite positive measure µ on U the Toeplitz operator T αµ on this
space is defined by
(
T αµ f
)
(z) :=
∫
U
f (w)
(1−wz)2+α dµ(w).
Lemma 3.1. Let α ∈ (−1,∞), p ∈ (0,∞) and let µ be a finite positive measure
on U . Then T αµ is a bounded or vanishing or p-Schatten ideal operator on A2α if
and only if µ is a bounded or vanishing or p-summing (α + 2)-dyadic Carleson
measure, respectively.
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Proof. The definition of the inner product on A2α ,
〈f,g〉A2α :=
∫
U
f (z)g(z)
(
1− |z|2)α dm(z), f, g ∈A2α,
together with the reproducing kernel formula of A2α (compare [5, p. 120]) implies〈
T αµ f,g
〉
A2α
= α + 1
π
∫
U
f (z)g(z)dµ(z), f, g ∈A2α.
Thus T αµ is bounded or compact on A2α if and only if the embedding map
E :A2α → L2(µ) has the same property, respectively. This is the case if and only
if µ is a bounded or vanishing (α + 2)-Carleson measure (see [7]). Therefore the
first two statements follow from Theorem 2.2 and the above remark. The third
statement is just a by-product of Luecking’s main theorem in [4, p. 347]. ✷
Theorem 3.2. Let α ∈ (−1,∞), p ∈ (0,∞) and φ ∈ Φ . Then the following
equivalences, wherein we use dmα(z) := (1 − |z|2)α dm(z) as an abbreviation,
are valid:
(i) Cφ is bounded on Dα ⇔
sup
w∈U
∫
U
τ(w,φ(z), ()2+α|φ′(z)|2 dmα(z) <∞
for some (any) ( > 0.
(ii) Cφ is compact on Dα ⇔
lim
w→∂U
∫
U
τ(w,φ(z), ()2+α|φ′(z)|2 dmα(z)= 0
for some (any) ( < 0.
(iii) Cφ is a p-Schatten ideal operator on Dα ⇔∫
U
(∫
U
τ(w,φ(z), ()2+α|φ′(z)|2 dmα(z)
)p/2
dm(w)
(1− |w|2)2 <∞
for some (any) ( > max{1/(2+ α),2/(2p+pα)}.
Proof. Inserting the usual change-of-variable formula (see [8]) into the inner
product 〈·, ·〉Dα of the Hilbert space Dα , we get
〈Cφf,Cφg〉Dα = f (φ(0))g(φ(0))+
∫
U
f ′(w)g′(w)Mα(φ,w)dm(w),
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where
Mα(φ,w)=
{∑
φ(zj )=w(1− |zj |2)α, w ∈ φ(U),
0, w ∈U \ φ(U).
Using standard arguments it is easily shown that we may assume, without loss of
generality, that φ(0) = 0 for the map φ ∈ Φ under consideration. For this map,
we define Bφ := DCφD−1, where the differentiation operator D is defined by
(Df )(z) := f ′(z) and its inverse by (D−1f )(z) := ∫ z0 f (w)dw. Both D and D−1
establish an isomorphism between D0α := {f ∈ Dα | f (0) = 0} and A2α . Hence,
we get for f,g ∈A2α , using again the change-of-variable formula,〈
B∗φBφf,g
〉
A2α
= 〈CφD−1f,CφD−1g〉Dα = 〈T αµαf,g〉A2α ,
where dµα(w) = (π/(α + 1))Mα(φ,w)dm(w) induces the Toeplitz operator
T αµα on A
2
α . This implies B∗φBφ = T αµα . From the previous analysis we see that
Cφ :D
0
α → D0α is bounded, compact or in Sp if and only if T αµα is bounded,
compact or in Sp/2(A2α). Since Cφ |Dα andCφ |D0α differ only by a one-dimensional
operator, a combination of Lemma 3.1 with Theorem 2.2 implies the desired
assertions. ✷
From this theorem one may deduce simpler characterizations in special cases.
We give two examples for this fact. The first one immediately follows from the
third assertion of Theorem 3.2 in the case p = 2 using ( = 1 herein and combining
the result with (2) and Fubini’s theorem.
Corollary 3.3. Let α ∈ (−1,∞) and φ ∈Φ. Then
Cφ ∈ S2(Dα) ⇔
∫
U
|φ′(z)|2
(1− |φ(z)|2)2+α dmα(z) <∞.
This generalizes some results in [9] and [10]. Similar characterizations for
Cφ ∈ Sp(Dα) may be found in [11] and [12].
The second example is a consequence of (2), Theorem 3.2 and Theorems 3.5
and 5.3 in [13].
Corollary 3.4. Let α ∈ [0,∞) and let φ ∈Φ be boundedly valent. Then
Cφ is compact on Dα ⇔ lim|z|→1
1− |z|2
1− |φ(z)|2 = 0.
4. Integral criteria for Cφ :Dα↔Qα
In the sequel we shall use the following abbreviations. The closed unit ball of
a Banach space X will be denoted BX and the characteristic function of a set E
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by 1E . For a ∈ U we consider the automorphism σa(z)= (a − z)/(1− az) of U
and we put dma,α(z) := (1 − |σa(z)|2)α dm(z). Now, we formulate a conformal
invariant version of the first two assertions of Theorem 3.2.
Theorem 4.1. Let α ∈ (0,∞) and φ ∈ Φ . Then the following equivalences are
valid:
(i) Cφ :Dα →Qα is bounded ⇔
sup
a,w∈U
∫
U
τ(w,φ(z), ()2+α|φ′(z)|2 dma,α(z) <∞
for some (any) ( > 0.
(ii) Cφ :Dα →Qα is compact ⇔
lim|w|→1 supa∈U
∫
U
τ(w,φ(z), ()|φ′(z)|2 dma,α(z)= 0
for some (any) ( > 0.
Proof. (i)⇒ For α > 0 and φ ∈Φ let
Nα(φ,u, a)=
{∑
φ(z)=u(1− |σa(z)|2)α, u ∈ φ(U),
0, u ∈U \ φ(U).
If we put dµα,φ,a(·) :=Nα(φ, ·, a) dm(·) we get by a change of variable∫
U
|(f ◦ φ)′(z)|2 dma,α(z)=
∫
U
|f ′(z)|2 dµα,φ,a(z). (4)
For w ∈ U \ {0}, we consider the function fw defined by wfw(z) = (1 −
wz)1−(2+α)(1+()/2 and we see that (2) implies ‖fw‖2Dα ≈ (1 − |w|)−(2+α)(1+().
Further, the assumption together with the Closed Graph Theorem indicates that
‖Cφfw‖Qα  ‖fw‖Dα . For I = {eiθ | |θ − θ0| < 2−1(I)} and w = (1 − (I)/
(2π))eiθ0 , we get using (4)(
inf
z∈S(I )
∣∣f ′w(z)∣∣2)µα,φ,a(S(I))
∫
S(I )
∣∣f ′w(z)∣∣2 dµα,φ,a(z)
 ((I))(2+α)(1+().
This estimate for the measures µα,φ,a implies, due to Theorem 2.2(i), the desired
assertion.
(i)⇐ Again we use our dyadic decomposition {Rj | j ∈N} of U . For f ∈Dα
let a∗j ∈ Rj be such that |f ′(a∗j )| = sup{|f ′(z)| | z ∈ Rj }. Some elementary
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geometric considerations together with Lemma 2.1 and the submean value
property of |f ′|2 imply∫
U
|f ′(z)|2 dµα,φ,a(z)
∑
j
∣∣f ′(a∗j )∣∣2(1− |aj |2)α+2  ‖f ‖2Dα . (5)
Hence, the second part of (i) has been proved.
(ii)⇒ is similar to (i)⇒.
(ii)⇐ It is easily seen that the global integral condition of (i) follows from the
global integral condition of (ii). So, to prove the compactness of Cφ in our case
it is sufficient to show that ‖Cφfn‖Qα → 0 for any sequence {fn} ⊂ BDα with
fn → 0 uniformly on compact subsets of U . To this end, let Ut := {z | |z| t} for
any t ∈ (0,1) and consider the inequality
‖Cφfn‖2Qα −
∣∣fn(φ(0))∣∣2  I1(n, t)+ I2(n, t),
where
I1(n, t) := sup
a∈U
∫
U
∣∣f ′n(z)∣∣21Ut (z) dµα,φ,a(z)
and
I2(n, t) := sup
a∈U
∫
U
∣∣f ′n(z)∣∣21U\Ut (z) dµα,φ,a(z).
It is clear that limn→∞ I1(n, t)= 0 for any t ∈ (0,1). Now, we repeat the estimates
in (5) for the measures 1U\Ut dµα,φ,a and see that limt→1 supn I2(n, t)= 0. This
completes the proof of Theorem 4.1. ✷
In the following theorem we consider the composition operators Cφ :Qα →
Dα and for φ ∈Φ, t ∈ (0,1) we define Uφ,t := {z | |φ(z)| t}.
Theorem 4.2. Let α ∈ (0,∞) and φ ∈Φ . Then
(i) Cφ :Qα →Dα is bounded ⇔
sup
f∈BQα
∫
U
∣∣f ′(φ(z))φ′(z)∣∣2 dmα(z) <∞. (6)
(ii) Cφ :Qα →Dα is compact ⇔ φ satisfies (6) and
lim
t→1 supf∈BQα
∫
U
∣∣f ′(φ(z))φ′(z)∣∣21U\Uφ,t (z) dmα(z)= 0. (7)
Proof. (i) is just a reformulation of the definition of boundedness.
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(ii)⇐ By the usual arguments we see that it is sufficient for our purpose to
consider a sequence {fn} ⊂ BQα converging to 0 on compact subsets of U and to
show that {Cφfn} converges to 0 in the topology of the norm ‖ · ‖Dα . Since (6)
implies φ ∈Dα and {f ′n} tends to 0 uniformly on compact subsets of U , we get
for given ( > 0 and n big enough the estimate∫
U
∣∣f ′n(φ(z))φ′(z)∣∣21Uφ,t (z) dmα(z) < (‖φ‖2Dα .
This estimate together with (7) immediately yields the assertion.
(ii) ⇒ Since (6) is implied by the boundedness of Cφ , we have to prove
only (7) and we know that, according to (6), φ ∈Dα . Since {n−1/2zn} is a norm
bounded sequence in Qα and converges to 0 uniformly on compact subsets of U ,
we see that {n−1/2‖φn‖Dα } tends to 0. With some additional arguing, we may
conclude that for given ( > 0 and t ∈ (0,1) big enough the estimate∫
U
|φ′(z)|21U\Uφ,t (z) dmα(z) < (
is valid. This implies that for f ∈ BQα , f analytic in U, we get∫
U
∣∣f ′(φ(z))φ′(z)∣∣21U\Uφ,t (z) dmα(z) < (‖f ′‖2∞.
Now, we proceed as follows: we approximate f ∈ BQα by fs(z) = f (sz), s ∈
(0,1), s → 1, we use ‖fs‖Qα  ‖f ‖Qα (compare [14]) and the compactness
of Cφ to show that there exists a number t ∈ (0,1) depending on f and ( such that∫
U
∣∣f ′(φ(z))φ′(z)∣∣21U\Uφ,t (z) dmα(z) < (.
The rest of the proof may easily be accomplished using the finite covering prop-
erty of the set Cφ(BQα) which is relatively compact in Dα . ✷
Corollary 4.3. Let α ∈ (0,∞) and φ ∈Φ .
(i) If Cφ :Qα →Dα is bounded, then
sup
ζ∈∂U
∫
U
|φ′(z)|2
|1− ζφ(z)|2 dmα(z) <∞. (8)
(ii) If ∫
U
|φ′(z)|2
(1− |φ(z)|2)2 dmα(z) <∞, (9)
then Cφ :Qα →Dα is compact.
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(iii) If φ(U) lies in a polygon inscribed in ∂U , then (8) and (9) are equivalent.
Proof. (i) Since fζ (z)= log(1−ζz) ∈Qα for any ζ ∈ ∂U , ‖fζ ‖Qα  1 (see [1]),
we conclude that fζ /‖fζ ‖Qα ∈ BQα and we see that Theorem 4.2(i) implies (8).
(ii) Formula (9) together with the estimate(
1− |z|2)|f ′(z)|  ‖f ‖Qα for f ∈Qα
(compare [1]) implies that (7) holds. Thus, the assertion is a consequence of
Theorem 4.2(ii).
(iii) Obviously, we only have to prove the implication (8) ⇒ (9). To do so, we
denote the vertices of the polygon in question by ζk , k = 1, . . . , n, say. Now we
break the unit disk into pairwise disjoint pieces. One of them is a compact subset
wherein the relation between the two integrals causes no troubles. The other ones
are sets wherein the images of the points under the map φ come close to the
points ζk . In these pieces we use |ζk −φ(z)|  1− |φ(z)|2 to prove the rest of the
equivalence. ✷
5. Integral criteria for Cφ :Qα→Qα
The following conformal invariant version of Theorem 4.2 may be proved in
a similar way to verifying that theorem. Therefore, we leave the details for the
interested reader.
Theorem 5.1. Let α ∈ (0,∞) and φ ∈Φ . Then
(i) Cφ is bounded on Qα if and only if
sup
a∈U,f∈BQα
∫
U
∣∣f ′(φ(z))φ′(z)∣∣2 dma,α(z) <∞. (10)
(ii) Cφ is compact on Qα if and only if φ satisfies (10) and
lim
t→1 supa∈U,f∈BQα
∫
U
∣∣f ′(φ(z))φ′(z)∣∣21U\Uφ,t (z) dma,α(z)= 0. (11)
In the following corollary, we give some simpler, but only necessary or
sufficient conditions for the compactness or boundedness of Cφ on Qα . In the
proof, we use only Theorem 5.1 for the special functions fζ (z) = log(1 − ζz),
ζ ∈ ∂U, as we have done above to prove Corollary 4.3. So, there is no need to
repeat the arguments. To make a long story short we use the abbreviations
Fφ,ζ (z) := |φ
′(z)|2
|1− ζφ(z)|2 , Gφ(z) :=
|φ′(z)|2
(1− |φ(z)|2)2
for ζ ∈ ∂U and φ ∈Φ.
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Corollary 5.2. Let α ∈ (0,∞) and φ ∈Φ .
(i) If Cφ is bounded on Qα , then
sup
a∈U, ζ∈∂U
∫
U
Fφ,ζ (z) dma,α(z) <∞. (12)
(ii) If φ satisfies
sup
a∈U
∫
U
Gφ(z) dma,α(z) <∞, (13)
then Cφ is bounded on Qα .
(iii) If Cφ is compact on Qα , then φ satisfies (12) and
lim
t→1 supa∈U, ζ∈∂U
∫
U
Fφ,ζ (z)1U\Uφ,t (z) dma,α(z)= 0. (14)
(iv) If φ satisfies (13) and
lim
t→1 supa∈U
∫
U
Gφ(z)1U\Uφ,t (z) dma,α(z)= 0, (15)
then Cφ is compact on Qα.
The following corollaries of this type possibly need some hints for the proofs.
Corollary 5.3. Let α ∈ (0,∞) and φ ∈Φ .
(i) If φ is boundedly valent, then Cφ is bounded on Qα .
(ii) If ∫
U
Gφ(z) dm(z) <∞, then Cφ is compact on Qα.
Proof. (i) We use that, according to [15], for f ∈Qα
‖f ‖2Qα − |f (0)|2  α2α sup
w∈U
1∫
0
( ∫
Uφ,r
|f ′(z)|2 dm(z)
)
(1− r)α−1 dr.
Therefore, for f ∈ BQα and φ boundedly valent the integral in (10) is less than a
multiple of the integral in the above formula and (i) follows from Theorem 5.1(i).
(ii) The integral condition in (ii) implies (13). Hence,
lim
t→1
∫
U
Gφ(z)1U\Uφ,t (z) dm(z)= 0.
This implies that (15) holds and therefore (ii) is a consequence of Corol-
lary 5.2(iv). ✷
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Corollary 5.4. Let α ∈ (0,∞) and let φ ∈Φ be such that φ(U) lies in a polygon
inscribed in ∂U . Then
(i) Cφ is bounded on Qα ⇔ (13) holds.
(ii) Cφ is compact on Qα ⇔ (13) and (15) hold.
Proof. It suffices to verify (ii). Of course, we only need to show that in our
case (14) implies (15). This may be done using the proof ideas of Corol-
lary 4.3. ✷
At the end, we want to mention without proof that it is possible to use the
fact that all boundedly valent functions on U do not distinguish between the little
Bloch spaces and the vanishing Qα-spaces (α > 0), as well as our present results
to prove a conformal invariant version of Corollary 3.4.
Corollary 5.5. Let α ∈ (0,∞) and φ ∈ Φ be boundedly valent such that φ(U)
lies in a polygon inscribed in ∂U . Then
Cφ is compact on Qα ⇔ lim|z|→1
(1− |z|2)|φ′(z)|
1− |φ(z)|2 = 0.
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